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Abstract
In this paper, we use the coincidence degree theory to establish new results on the existence of T-periodic solutions for the Liénard
type p-Laplacian equation with a deviating argument of the form:
(p(x
′(t)))′ + f (x(t))x′(t) + g(t, x(t − (t))) = e(t).
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1. Introduction
Consider the Liénard type p-Laplacian equation with a deviating argument of the form:
(p(x
′(t)))′ + f (x(t))x′(t) + g(t, x(t − (t))) = e(t), (1.1)
where p> 1 and p : R → R is given by p(s) = |s|p−2s for s = 0 and p(0) = 0,  and e are T-periodic, g is
T-periodic in the ﬁrst argument and T > 0. In recent years, the problem of the existence of periodic solutions of Eq. (1.1)
has been extensively studied in the literature. We refer the reader to [1–4,7] and the references cited therein. Moreover,
in the above-mentioned literature, we observe that the following assumption:
(H1) there exists a constant L> 0 such that
|g(t, u) − g(t, v)|L|u − v| for all t, u, v ∈ R
has been considered as fundamental for the considered existence of periodic solutions of Eq. (1.1). However, to the
best of our knowledge, few authors have considered Eq. (1.1) without the assumption (H1). Thus, it is worth while to
continue to investigate the existence of periodic solutions of Eq. (1.1) in this case.
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The main purpose of this paper is to establish sufﬁcient conditions for the existence of T-periodic solutions of
Eq. (1.1). The results of this paper are new and they complement previously known results. In particular, we do not
need the assumption (H1) quoted above in our results. An illustrative example is given in Section 3.
For convenience, let us denote
C1T := C1T [0, T ] = {x ∈ C1[0, T ], x(0) = x(T ), x′(0) = x′(T ), T > 0},
|x|k =
(∫ T
0
|x(t)|k dt
)1/k
, |x|∞ = max
t∈[0,T ] |x(t)|.
For the periodic boundary value problem
(p(x
′(t)))′ = f˜ (t, x, x′), x(0) = x(T ), x′(0) = x′(T ), (1.2)
where f˜ ∈ C(R3, R), we have the following lemma:
Lemma 1.1 (Manásevich and Mawhin [6]). Let  be an open bounded set in C1T , if the following conditions hold:
(i) For each  ∈ (0, 1) the problem
(p(x
′(t)))′ = f˜ (t, x, x′), x(0) = x(T ), x′(0) = x′(T )
has no solution on .
(ii) The equation
F(a) := 1
T
∫ T
0
f˜ (t, a, 0) dt = 0
has no solution on  ∩ R.
(iii) The Brouwer degree of F
deg(F, ∩ R, 0) = 0,
then the periodic boundary value problem (1.2) has at least one periodic solution on .
2. Main results
Theorem 2.1. Suppose that the following conditions are satisﬁed:
(A1) There exists a positive constant d such that
x(g(t, x) − e(t))< 0 for |x|>d and t ∈ R.
(A2) There exist constants m1 and m2 such that 21−pm1T p < 1, and one of the following conditions holds:
(1) g(t, x) − e(t) − m1|x|p−1 − m2, ∀t ∈ R, xd;
(2) g(t, x) − e(t)m1|x|p−1 + m2, ∀t ∈ R, x − d.
Then Eq. (1.1) has at least one solution with period T .
Proof. Consider the homotopic equation of Eq. (1.1) as following:
(p(x
′(t)))′ + f (x(t))x′(t) + g(t, x(t − (t))) = e(t),  ∈ (0, 1). (2.1)
We shall seek to apply Lemma 1.1. To do this, it sufﬁces to prove that the set of all possible T-periodic solutions of
Eq. (2.1) are bounded.
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Let x(t) be a T-periodic solution of Eq. (2.1). Integrating (2.1) from 0 to T, we have∫ T
0
[g(t, x(t − (t))) − e(t)] dt = 0. (2.2)
As x(0) = x(T ), there exists t0 ∈ [0, T ] such that x′(t0) = 0, while p(0) = 0 we see
|p(x′(t))| =
∣∣∣∣
∫ t
t0
(p(x
′(s)))′ ds
∣∣∣∣ 
∫ T
0
|g(t, x(t − (t))) − e(t)| dt . (2.3)
From (2.2), there exists a  ∈ [0, T ] such that
g(, x(− ())) − e() = 0.
In view of (A1) , we obtain
|x(− ())|d.
Let − () = mT + ¯, where ¯ ∈ [0, T ], and m is an integer. Then, we have
|x(t)| =
∣∣∣∣x(¯) +
∫ t
¯
x′(s) ds
∣∣∣∣ d +
∫ t
¯
|x′(s)| ds, t ∈ [¯, ¯+ T ]
and
|x(t)| = |x(t − T )| =
∣∣∣∣∣x(¯) −
∫ ¯
t−T
x′(s) ds
∣∣∣∣∣ d +
∫ ¯
t−T
|x′(s)| ds, t ∈ [¯, ¯+ T ].
Combining the above two inequalities, we obtain
|x|∞ = max
t∈[0,T ] |x(t)| = maxt∈[¯,¯+T ] |x(t)|
 max
t∈[¯,¯+T ]
{
d + 1
2
(∫ t
¯
|x′(s)| ds +
∫ ¯
t−T
|x′(s)| ds
)}
d + 1
2
∫ T
0
|x′(s)| ds. (2.4)
Set
[x(t − (t))< − d] = {t |t ∈ [0, T ], x(t − (t))< − d},
[x(t − (t)) − d] = {t |t ∈ [0, T ], x(t − (t)) − d},
[x(t − (t))> d] = {t |t ∈ [0, T ], x(t − (t))> d},
[x(t − (t))d] = {t |t ∈ [0, T ], x(t − (t))d},
[−dx(t − (t))d] = {t |t ∈ [0, T ],−dx(t − (t))d}.
Then, (2.2) implies that∫
[x(t−(t))<−d]
|g(t, x(t − (t))) − e(t)| dt =
∫
[x(t−(t))<−d]
[g(t, x(t − (t))) − e(t)] dt
= −
∫
[x(t−(t))−d]
[g(t, x(t − (t))) − e(t)] dt (2.5)
and ∫
[x(t−(t))>d]
|g(t, x(t − (t))) − e(t)| dt = −
∫
[x(t−(t))>d]
[g(t, x(t − (t))) − e(t)] dt
=
∫
[x(t−(t))d]
[g(t, x(t − (t))) − e(t)] dt . (2.6)
Now suppose that (A2)(1) (or (A2)(2)) holds, we shall consider two cases as follows.
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Case 1: If (A2)(1) holds, it follows from (2.5) that∫
[x(t−(t))<−d]
|g(t, x(t − (t))) − e(t)| dt

∫
[x(t−(t))−d]
|g(t, x(t − (t))) − e(t)| dt

∫
[−dx(t−(t))d]
|g(t, x(t − (t))) − e(t)| dt +
∫
[x(t−(t))>d]
|g(t, x(t − (t))) − e(t)| dt
T (max{|g(t, x) − e(t)| : t ∈ R,−dxd}) +
∫ T
0
(m1|x(t − (t))|p−1 + m2) dt
T (max{|g(t, x) − e(t)| : t ∈ R,−dxd} + m2) + Tm1|x|p−1∞ .
Then,
∫ T
0
|g(t, x(t − (t))) − e(t)| dt
=
∫
[x(t−(t))>d]
|g(t, x(t − (t))) − e(t)| dt +
∫
[−dx(t−(t))d]
|g(t, x(t − (t))) − e(t)| dt
+
∫
[x(t−(t))−d]
|g(t, x(t − (t))) − e(t)| dt
2[T (max{|g(t, x) − e(t)| : t ∈ R,−dxd} + m2) + Tm1|x|p−1∞ ], (2.7)
which implies that
∫ T
0
|g(t, x(t − (t))) − e(t)| dt2[+ Tm1|x|p−1∞ ], (2.8)
where = T (max{|g(t, x) − e(t)| : t ∈ R,−dxd} + m2).
Case 2: If (A2)(2) holds, then using a similar argument as that in the proof of case (1), we see that (2.8) holds.
Since x(t) is T-periodic, multiplying x(t) and (2.1) and then integrating it from 0 to T, in view of (2.8), we get
∫ T
0
|x′(t)|p dt = −
∫ T
0
(p(x
′(t)))′x(t) dt
= 
∫ T
0
f (x(t))x(t)x′(t) dt + 
∫ T
0
(g(t, x(t − (t))) − e(t))x(t) dt
 |x|∞
∫ T
0
|g(t, x(t − (t))) − e(t)| dt
2[+ Tm1|x|p−1∞ ]|x|∞. (2.9)
For x(t) ∈ C(R, R) with x(t + T ) = x(t), and 0<rs, by using Hölder inequality, we obtain
(
1
T
∫ T
0
|x(t)|r dt
)1/r

(
1
T
(∫ T
0
(|x(t)|r )s/r dt
)r/s(∫ T
0
1 dt
)(s−r)/s)1/r
=
(
1
T
∫ T
0
|x(t)|s dt
)1/s
,
this yields that
|x|rT (s−r)/rs |x|s for 0<rs. (2.10)
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Then, in view of (2.4), (2.9) and (2.10), we can get
(∫ T
0
|x′(t)| dt
)p
T p−1|x′(t)|pp = T p−1
∫ T
0
|x′(t)|p dt
T p−12[+ Tm1|x|p−1∞ ]|x|∞
T p−12
[
+ Tm1
(
d + 1
2
∫ T
0
|x′(s)| ds
)p−1](
d + 1
2
∫ T
0
|x′(s)| ds
)
. (2.11)
Since 21−pT pm1 < 1 and p> 1, (2.11) yields that we can choose some positive constant M1 such that∫ T
0
|x′(s)| dsM1, |x|∞d + 12
∫ T
0
|x′(s)| dsM1.
In view of (2.3) and (2.8), we have
|x′|p−1∞ = max
t∈[0,T ]{|p(x
′(t))|} = max
t∈[0,T ]
{∣∣∣∣
∫ t
t0
(p(x
′(s)))′ ds
∣∣∣∣
}

∫ T
0
|g(t, x(t − (t))) − e(t)| dt
2[+ Tm1|x|p−1∞ ]
2[+ Tm1Mp−11 ],
which implies that there exists a positive constant M2 >M1 + 1 such that for all t ∈ R,
|x′(t)|M2.
Then we know that Eq. (2.1) has no solution on  as  ∈ (0, 1) and when x(t) ∈  ∩ R, x(t) = M2 + 1 or
x(t) = −M2 − 1, from (A1) , we can see that
1
T
∫ T
0
{−g(t,M2 + 1) + e(t)} dt > 0,
1
T
∫ T
0
{−g(t,−M2 − 1) + e(t)} dt < 0,
so condition (ii) is also satisﬁed. Set
H(x, ) = x − (1 − ) 1
T
∫ T
0
(g(t, x) − e(t)) dt
and when x ∈  ∩ R,  ∈ [0, 1] we have
xH(x, ) = x2 − (1 − )x 1
T
∫ T
0
(g(t, x) − e(t)) dt > 0.
Thus H(x, ) is a homotopic transformation and
deg{F, ∩ R, 0} = deg
{
− 1
T
∫ T
0
(g(t, x) − e(t)) dt, ∩ R, 0
}
= deg {x, ∩ R, 0} = 0.
So condition (iii) is satisﬁed. In view of the previous Lemma 1.1, there exists at least one solution with period T. This
completes the proof. 
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A similar argument leads to:
Theorem 2.2. Suppose that the following conditions are satisﬁed:
(A′1) There exists a positive constant d such that
x(g(t, x) − e(t))> 0 f or |x|>d and t ∈ R.
(A′2) There exist constants m1 and m2 such that 21−pm1T p < 1, and one of the following conditions holds:
(1) g(t, x) − e(t) − m1|x|p−1 − m2, ∀t ∈ R, x − d;
(2) g(t, x) − e(t)m1|x|p−1 + m2, ∀t ∈ R, xd .
Then Eq. (1.1) has at least one T-periodic solution.
3. Examples and remarks
Example 3.1. Let p = √2, g(t, x) = −1/(100 + cos2 t)|x|p−2x for all t ∈ R, x > 0, and g(t, x) = −x32(x − 1) for
all t ∈ R, x0. Then, the following Liénard type p-Laplacian equation with a deviating argument
(px
′(t))′ + x4(t)x′(t) + g(t, x(t − | cos(t)|)) = cos t (3.1)
has at least one 2	-periodic solution.
Proof. From (3.1), it is straight forward to check that all the conditions needed in Theorem 2.1 are satisﬁed. Therefore,
Eq. (3.1) has at least one 2	-periodic solution. 
Remark 3.1. In view of p =√2, g(t, x)=−1/(100 + cos2t)|x|p−2x for all t ∈ R, x > 0, and g(t, x)=−x32(x − 1)
for all t ∈ R, x0, it is clear to see that (H1) do not hold for Eq. (3.1), and so the results obtained in [1–8] and the
references cited therein cannot be applicable to Eq. (3.1). This implies that the results of this paper are essentially new.
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